Abstract: A computational methodology is presented for evaluating structural robustness against column loss. The methodology is illustrated through application to reinforced concrete (RC) frame buildings, using a reduced-order modeling approach for three-dimensional RC framing systems that includes the floor slabs. Comparisons with high-fidelity finite-element model results are presented to verify the approach. Pushdown analyses of prototype buildings under column loss scenarios are performed using the reduced-order modeling approach, and an energy-based procedure is employed to account for the dynamic effects associated with sudden column loss. Results obtained using the energy-based approach are found to be in good agreement with results from direct dynamic analysis of sudden column loss. A metric for structural robustness is proposed, calculated by normalizing the ultimate capacities of the structural system under sudden column loss by the applicable service-level gravity loading and by evaluating the minimum value of this normalized ultimate capacity over all column removal scenarios. The procedure is applied to two prototype 10-story RC buildings, one employing intermediate moment frames (IMFs) and the other employing special moment frames (SMFs).
Introduction
In the context of structural design, the term robustness has been used to indicate the ability of a structure to resist damage under abnormal loads. Two prominent definitions of structural robustness, from the U.S. General Services Administration (GSA 2003) and the European Committee for Standardization (CEN 2006) , are listed in Table 1 . Starossek and Haberland (2010) proposed that these definitions, as well as others they reviewed, could be summarized by defining structural robustness as "insensitivity of a structure to initial damage," noting that "a structure is robust if an initial damage does not lead to disproportionate collapse." A number of factors contribute to the robustness of a structure, including redundancy, ductility supply, and energy absorption capacity. However, as discussed by Izzuddin et al. (2008) , none of these factors alone is adequate to serve as a measure of structural robustness, because they cannot, in isolation, ensure the robustness of a structural system.
Recognizing the value of a quantitative, rather than purely qualitative, characterization, a number of researchers have proposed metrics for structural robustness. In evaluating these proposed metrics, it is helpful to consider the requirements proposed by Starossek and Haberland (2009) , that a measure of robustness should be expressive (allowing for a clear differentiation between robust and non-robust structures), objective, simple, and calculable. Baker et al. (2008) proposed risk-based index of robustness as the ratio between the direct risk and the total risk associated with potentially damaging events, where the total risk includes indirect consequences.
Calculability is a challenge with such risk-based approaches, because the relevant event probabilities are generally not well characterized in a practical design context. A stiffness-based robustness measure was proposed by Starossek and Haberland (2009) , who noted that this metric was readily calculable but was not sufficiently expressive, because it did not correlate well with 3 the reduction in load capacity after the loss of structural elements. Nafday (2011) also outlined the possibility of a stiffness-based metric for robustness, but noted that future work is needed to develop such a metric. Starossek and Haberland (2009) proposed an energy-based robustness measure that quantifies the potential for collapse progression, but noted that this measure is expressive only for relatively simple chain-like structures.
A number of researchers have also proposed damage-based measures of structural robustness. Starossek and Haberland (2009) proposed two alternative damage-based measures of robustness, which involve comparing the maximum extent of damage to the initial damage.
However, as Starossek and Haberland (2009) note, calculability can be a significant challenge for such an approach, as determination of the maximum extent of damage requires dynamic analysis of collapse progression, in which separation and impact events can play an important role. A provocative word of caution from Powell (2009) may be in order with regard to the difficulties of such a direct simulation of structural collapse progression: "Any engineer who claims the ability to do such an accurate simulation is at least disingenuous, and possibly delusional." A damage-based robustness metric was proposed by Cranford et al. (2012) in evaluating the robustness of spider webs, in which structural robustness was defined as the undamaged fraction of the web after failure. Fascetti et al. (2015) proposed an analysis procedure that involves determination of the most critical sequence for successive removal of multiple columns, defining a robustness index as the minimum fraction of columns that must be removed to cause failure. Formisano et al. (2015) derived a damage-based deterministic approach from the risk-based approach of Baker et al. (2008) , defining a robustness index in terms of the ratio of the direct damage in an event to the total damage, including indirect damage. 4 While challenges remain for many of the proposed robustness metrics outlined above, consensus has been growing among a number of researchers about the appropriateness of a robustness metric based on the ultimate capacity of a damaged structural system (Izzuddin et al. 2008 , Lu et al. 2010 , Khandelwal and El-Tawil 2011 , Raebel 2011 , Xu and Ellingwood 2012 , Main 2014 . In this capacity-based approach, the ultimate capacity of a structure under column loss scenarios is evaluated using nonlinear static pushdown analysis and/or incremental dynamic analysis (e.g., Khandelwal and El-Tawil 2011) , in which successive dynamic analyses of sudden column loss are performed under increasing levels of gravity loading. In conjunction with static pushdown analyses, energy-based analysis has been used to account for the dynamic effects associated with sudden column loss (Powell 2003 , Izzuddin et al. 2008 Xu and Ellingwood 2012; Main 2014) . Different normalizations have been proposed for the ultimate capacities of damaged structural systems, with Khandelwal and El-Tawil (2011) proposing an "overload factor" obtained by dividing the failure load by the nominal gravity loads, and Raebel (2011) defining a robustness measure by normalizing changes in the system capacity relative to the capacity of a base system.
In this study, a methodology for evaluation of structural robustness is proposed that builds on and integrates various aspects of the capacity-based procedures outlined above. In considering the appropriate definition of a robustness index, it is helpful to consider a more precise definition of structural robustness proposed by Starossek and Haberland (2010) : "a structure is robust if an initial damage as determined from the hazard scenarios does not lead to an extent of collapse or other damage that violates the performance objectives." In this study, the selected performance objective is to sustain the applicable gravity loading on the floor system. By normalizing the ultimate capacity of the system by the applicable gravity loading, the performance objective is 5 met provided that the normalized capacity remains greater than unity under all initial damage scenarios. The robustness index is defined as the minimum value of the normalized ultimate capacity over all damage scenarios. The proposed capacity-based robustness metric is more readily calculable than the damage-based approaches that require calculating the extent of damage, because the analysis can be terminated at the ultimate load, and it is not necessary to analyze the spread of damage following the formation of a collapse mechanism. While the proposed approach could be applied to more general damage scenarios, hazard-independent damage scenarios are considered in this study consisting of sudden loss of a single column at various locations in a building. As discussed by Gudmundsson and Izzuddin (2010) , sudden column loss, while clearly an idealization, is a useful damage scenario that captures the dynamic nature of damaging events such as blast or impact and enables evaluation of a structure's capacity to absorb the additional energy associated with such dynamic events. Khandelwal and El Tawil (2011) presented an "incremental dynamic pushdown" approach to account for the dynamic effects associated with sudden column loss but noted the disadvantage that "this approach is costly in terms of required computational effort because multiple nonlinear, dynamic analyses must be conducted." This paper presents and verifies an energy-based procedure that accounts for such dynamic effects using the results of a single nonlinear static pushdown analysis, thus significantly reducing the required computational effort.
The proposed methodology for evaluation of robustness could be implemented using various levels of modeling sophistication. While many previous studies have analyzed planar frames, neglecting the effects of three-dimensional framing and floor slabs, these effects are known to contribute significantly to the robustness of reinforced concrete (RC) frame structures. In this study, the reduced-order modeling approach developed and validated by Bao et al. (2014a) for 6 two-dimensional RC frames without floor slabs is extended to incorporate a new reduced-order modeling approach for floor slabs within three-dimensional RC framing. Prior to outlining the proposed methodology for evaluation of structural robustness, the reduced-order modeling approach is outlined, and verification of the approach is presented through comparison with high-fidelity finite element model results from pushdown analysis of a 2-bay by 2-bay floor system. Comparisons of high-fidelity finite-element analysis results with and without the floor slab illustrate the significant contribution of the floor slabs in increasing the capacity of the framing under column loss and reducing the susceptibility to snap-through instability. The methodology is then demonstrated through application to 10-story prototype buildings using the reduced-order modeling approach, including floor-slab effects. A key observation from these analyses is that the robustness of multi-story buildings can be limited by column failure modes that would not be evident from analysis of a single-floor system. Another significant result of the prototype building analyses is a quantification of the extent to which structural robustness against column loss can be enhanced through the use of seismic design and detailing.
Slab Modeling in RC Floor Systems
Although a number of computational and experimental studies on the collapse resistance of RC subassemblies or planar frames have been reported in recent years (Sasani et al. 2011; Yu and Tan 2013; Bao et al. 2014a; Lew et al. 2014) , experimental investigations on three-dimensional RC frame structures with floor slabs (e.g., Xiao et al. 2015) have been limited because of their cost and complexity. However, the importance of three-dimensional effects in evaluation of collapse resistance is recognized by design criteria such as the Unified Facilities Criteria 4-023-03 (DoD 2009), which prohibits the use of two-dimensional models. Studies of steel frame buildings have found that the floor slab contributes significantly to the collapse resistance of 7 structures (Sadek et al. 2008; Main 2014) . It is a challenge to develop reliable models that can be used in the analysis of large-scale structures without imposing prohibitive computational costs.
In this study, experimentally validated models of planar frames (Bao et al. 2014a ) are extended to develop a reduced-order modeling approach for three-dimensional frame systems including floor slabs. In the absence of experimental data under the distributed pushdown loading conditions proposed for evaluation of structural robustness, The reduced-order modeling approach is verified through comparison with high-fidelity finite-element analysis results for a 2-bay by 2-bay floor system under center column loss. The objective of these comparisons is to verify that the reduced-order modeling approach can adequately capture the nonlinear loaddisplacement relationship and failure modes under distributed pushdown loading.
The design of the 2-bay by 2-bay floor system, shown in plan view in Fig. 1 , was adapted from a half-scale, 3-story, 3-bay by 3-bay RC frame building tested under column removal scenarios by Xiao et al. (2015) . A single floor was considered, with columns extending one halfstory above and below. Table 2 lists beam reinforcement details, and Fig. 2 shows column reinforcement details. Slab reinforcement, both top and bottom, consisted of two layers of 8 mm diameter bars spaced at 200 mm (not shown). In both the reduced-order and high-fidelity models, the reinforcing steel was modeled using the piecewise-linear stress-strain curve illustrated in Fig. 3(a), with an assumed yield strength of fy = 400 MPa, an ultimate strength of fu = 520 MPa at a corresponding uniform strain of u = 10 %, and an elongation of f = 18 % at fracture. Values of elongation at fracture used in this study were based on tensile testing of reinforcing bars reported by Lew et al. (2011) . The compressive strength of concrete was assumed to be c f  = 25 MPa, while the reduced-order and high-fidelity models used different material modeling approaches for concrete, as described in the following sections. 
Reduced-Order Modeling
The reduced-order modeling approach is illustrated in Fig. 4 . The reduced-order model of the 2-bay by 2-bay floor system comprised approximately 1700 shell elements representing the floor slab and 230 beam elements representing the beams and columns. Nodes of the beam and shell elements were at the top surface of the slab, and offsets were used to define the reference axes of the elements at their proper elevations. Nodal constraints were used to tie the beam elements to the shell elements, ensuring continuity of displacements and rotations at the interface between the beams and the floor slab. The shell elements used through-thickness integration, with distinct layers for concrete and reinforcing steel. The beam elements used cross-section integration, with distinct integration points for core concrete, cover concrete, and reinforcing steel. Slab concrete and cover concrete were modeled using the unconfined stress-strain relationship shown in were incorporated in the stress-strain relationship for the core concrete using a modified Kent and Park model proposed by Scott et al. (1982) , which accounted for the increased compressive strength cc f  of the confined concrete as well as the increased strain at the compressive strength. Concrete softening behavior was considered in both tension and compression, and mesh-size dependence was controlled by using a constant fracture energy criterion, based on the element size, to calculate the ultimate strain at which the strength is reduced to zero ( u,c  , u,cc  , and
Figs. 3(b) and 3(c)), following the approach used by Bao et al. (2014a) . Bond slip at critical cross sections, including the beam-to-column interfaces and the bar cut-off locations, was considered by using special interface elements at those locations. These interface elements (beam elements with cross-section integration) used a modified stress-strain relationship for the reinforcing bars developed by Bao et al. (2014a) that incorporated displacements due to bond slip. In both the interface elements and in the shell elements representing the slab, a critical plastic strain was specified for the reinforcing bars, corresponding to the assumed elongation at fracture of f = 18 %, at which the stress at the corresponding integration points dropped to zero, representing fracture of the reinforcing bars.
Modeling of the structural framing (beams and columns) followed the approach described by Bao et al. (2014a) , with one significant simplification, that shear deformations of the joints were 
High-Fidelity Modeling
The high-fidelity model of the 2-bay by 2-bay floor system, shown in beam longitudinal bars and the surrounding concrete was modeled for the interior beams using a one-dimensional contact interface. Bond slip was not considered for the other reinforcing bars (i.e., stirrups, slab reinforcement, and longitudinal reinforcement in the columns and exterior beams); rather, the nodes of those reinforcing bar elements were tied to the surrounding concrete using constraints. A continuous surface cap model (Murray et al. 2007 ) was adopted for modeling concrete behavior. This model captures important features such as confinement effects and softening behavior in both tension and compression, and it uses a constant fracture energy approach to regulate mesh size sensitivity in the modeling of softening behavior. Reinforcing steel was modeled using an isotropic elastic-plastic model, using the stress-strain relationship illustrated in Fig. 3 (a). A plastic strain at failure was also specified, corresponding to the assumed elongation of f = 18 %. Once the failure strain was reached, the corresponding element was removed from the analysis (element erosion), representing fracture of the reinforcing bar.
Comparison of Analysis Results
In analyses of the 2-bay by 2-bay floor system ( Fig. 1 ), the bases of the exterior columns were fixed, while the base of the center column was unsupported, representing a center column removal scenario. Horizontal displacements were restrained at the column tops. Uniformly distributed loading was applied to the floor slab, and using a force-controlled pushdown approach, the load intensity was gradually increased until failure occurred. The pushdown analyses in this study were performed using explicit time integration in the LS-DYNA finiteelement software (Hallquist 2007) , and the intensity of the force-controlled loading was increased at a sufficiently slow rate to ensure a quasi-static response prior to failure. The load 11 intensity was calculated by dividing the total vertical reaction at the column bases by the area of the floor slab that was subjected to pushdown loading.
Curves of load intensity versus vertical displacement of the unsupported center column are shown in Fig. 6 for both the reduced-order and the high-fidelity models. Results from two different reduced-order models are shown in Fig. 6 : one in which joint shear deformations were considered using the approach of Bao et al. (2014b) and the other in which joint shear deformations were neglected as proposed in this study. The close agreement between the results of the two reduced-order models confirms that the effects of joint shear deformations were not significant. Fig. 6 also shows close agreement between the load-displacement relationships obtained from the reduced-order models and the high-fidelity model, providing verification of the reduced-order modeling approach. Contours of vertical displacement at the peak load intensity are shown in Fig. 7 , which shows that the two modeling approaches gave fairly consistent predictions of the overall deflected shape, although some local differences in the displacement contours are evident. As illustrated in Fig. 8 using computed results from the highfidelity model, failure of the floor system started with fracture of the top longitudinal bars at the ends of the short-span beams near the exterior columns, which was followed by the fracture of adjacent reinforcing bars in the slab. A consistent sequence of failures was evident in the reduced-order models, with failures being evident through reductions in stress at integration points representing the reinforcing bars in the beam and shell elements at the ends of the shortspan beams near the exterior columns. Fig. 9 shows the influence of the floor slab on the resistance of the 2-bay by 2-bay floor system by comparing pushdown analysis results from high-fidelity models with and without the floor slab. While structural analysis models used for the design of RC frame buildings typically 12 include only the framing, not the floor slabs, Fig. 9 shows that the additional resistance provided by the floor slab is significant, more than doubling the capacity of the system. Results for the system without floor slab were obtained by applying concentrated loading to the unsupported center column under displacement control. To enable a consistent comparison, results under concentrated loading are also presented for the system with floor slab, along with the results under uniform loading, which were previously presented in Fig. 6 . The load intensity under concentrated loading was calculated by dividing the applied load by the tributary area of the center column (one quarter of the total floor area).
For the system with floor slab, Fig. 9 shows that the results under concentrated loading and uniform loading agreed quite closely when presented in terms of load intensity, as noted previously for steel/concrete composite floor systems by Alashker et al. (2010) and Main (2014) .
In contrast with the top bar failures observed under uniform loading, however (see Fig. 8 ), the first reinforcing bars to fracture under concentrated loading were the bottom bars in the shortspan beams near the center column. The failure mode under concentrated loading was the same with and without the floor slab, although the failure occurred earlier -and at a much greater capacity -for the system with the floor slab. Fig. 9 shows that the system without the slab exhibited a softening phase, for center column displacements between approximately 70 mm and 300 mm, which was associated with crushing of concrete and yielding of reinforcing bars at the beam ends, as observed previously in planar frames by Lew et al. (2011) . The additional resistance provided by the floor slab eliminated this softening phase, producing a monotonically increasing load-displacement relationship. Under force-controlled loading, the softening phase would result in snap-through instability, as illustrated in Fig. 9 , with undesirable dynamic 13 amplification of loads. The influence of the floor slab, therefore, resulted in a system with both significantly increased capacity and improved energy absorption characteristics.
Prototype Building Designs
Two 10-story prototype buildings are used as examples to demonstrate the proposed robustness evaluation method in the following sections. The two buildings were designed for Seismic
Design Categories C and D, using intermediate moment frames (IMFs) and special moment frames (SMFs), respectively, to resist seismic loads. Fig. 10 shows plan and elevation views, which were the same for both buildings, and Table 3 provides cross-section dimensions of the beams and columns. The slab thickness in both buildings was 254 mm. Further information on the prototype building designs is provided by Lew at al. (2011) and Shen and Ghosh (2006) . The minimum specified compressive strength of c f  = 27.6 MPa was assumed in modeling of concrete. The minimum specified yield and ultimate strengths of fy = 414 MPa and fu = 620 MPa were assumed in modeling of the ASTM A615 Grade 60 reinforcing bars, with u = 10 % and f = 20 % (see Fig. 3(a) ). In evaluating the robustness of the prototype buildings, service-level gravity loading G was considered, based on the following load combination specified in ASCE 7-10 (ASCE 2010, Section 2.5.2.2) for evaluating the residual capacity of structural systems following the notional removal of load-bearing elements:
where D is dead load and L is live load. Table 4 summarizes the applicable gravity loads for the two prototype buildings. The combined gravity load G was greater for the SMF building than for the IMF building because of the greater self-weight associated with the larger member sizes.
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Evaluation of Structural Robustness
In the proposed methodology for evaluating structural robustness, the first step is to identify a set of applicable damage scenarios to be considered. Damage scenarios may be specified by the building owner based on a risk analysis considering the relevant hazards, or they may be hazardindependent damage scenarios specified by an applicable code or standard. In this study, the damage scenarios are limited to loss of a single column. However, the methodology could be extended to other damage scenarios, such as the loss of load-bearing members within a specified damage volume, which could include a structural wall, multiple columns, or a portion of a beam or girder.
For each column loss scenario, the ultimate capacity is evaluated through nonlinear static pushdown analysis of the structure with the column removed, while an energy-based analysis is used to account for the dynamic effects associated with sudden column loss. The resulting ultimate capacity of the damaged structure, representing the peak vertical load intensity that can be sustained under sudden column loss, is divided by the service-level gravity loading G to obtain a normalized ultimate capacity for each column loss scenario. After considering all applicable column loss scenarios, the minimum value of the normalized ultimate capacity is designated as the robustness index for the structure. A robustness index greater than unity indicates that collapse would not occur under any of the applicable sudden column loss scenarios.
Further details on the robustness evaluation methodology are provided in the following subsections, including a formal definition of the robustness index, after introducing the relevant notation. The methodology is illustrated through analyses of a single-floor system extracted from the prototype IMF building (see Fig. 10 and Table 3 ) under loss of interior column C2. The reduced-order modeling approach was used in the analyses of the single-floor IMF system.
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Similar to the boundary conditions considered previously for the 2-bay by 2-bay floor system, the columns were extended one half-story above and below the floor, and the column bases were fixed, with the exception of column C2, which was unsupported at its base, representing a column removal scenario. Horizontal displacements were restrained at the column tops. The robustness evaluation methodology is subsequently applied to both of the 10-story prototype buildings under multiple column loss scenarios.
Pushdown Analysis Procedure
In pushdown analysis of a structure under a column loss scenario, the column is removed prior to loading, and gravity loading is applied according to the pattern illustrated in Fig. 11 . Servicelevel gravity loading G is first applied to the bays not directly affected by the column loss and is held constant for the remainder of the analysis. Scaled gravity loading sG is then applied to the affected bays, and the pushdown analysis is performed by increasing the dimensionless factor s from zero until the ultimate capacity is reached. The affected bays are defined by the influence area of the removed column, where the influence area is "that portion of the floor area over which the influence surface for structural effects is significantly different from zero" (ASCE 2010, Section C4.7.1). Fig. 12 illustrates the affected bays for other column removal scenarios in the prototype buildings, and further explanation and examples for evaluation of influence areas can be found in the Appendix of ASCE 7-10 (ASCE 2010, Section C4.7.1). The scaled gravity loading sG is applied to the affected bays on all floors above the removed column. The dimensionless factor s, where the subscript indicates static loading, represents the normalized load intensity applied to the affected bays, with s > 1 indicating loads in excess of the servicelevel gravity loading. In the nonlinear static pushdown analysis, the dimensionless factor s is 16 increased from zero until the ultimate capacity is reached. The relationship between the normalized load intensity and the vertical displacement  at the removed column is thus obtained, denoted by s(), as illustrated in Fig. 13 for the single-floor IMF system subjected to removal of column C2.
In the terminology of Khandelwal and El-Tawil (2011) , the proposed pushdown loading procedure (Fig. 11) constitutes a "bay pushdown" approach, in contrast with a "uniform pushdown" approach, in which the gravity loading would be increased uniformly over the entire floor area. Khandelwal and El-Tawil (2011) did not consider dynamic effects in either the bay pushdown approach or the uniform pushdown approach. In the proposed approach, however, dynamic effects associated with sudden column loss are accounted for through an energy-based analysis, as discussed in the following section. When using this energy-based analysis, the bay pushdown approach has the advantage that these dynamic effects are accounted for by the increased gravity loading on the affected bays. No such dynamic effects justify the application of increased gravity loads to the unaffected bays, and artificially increasing these loads can result in failure modes that may not be relevant to the column removal scenario under consideration. For example, the uniform pushdown approach can produce unrealistically large column forces, resulting in column failures that would not occur under sudden column loss. In the proposed bay pushdown approach, axial forces in columns at the boundary between affected and unaffected bays are scaled by an effective factor of less than s, as they receive loading of intensity G from unaffected bays on one side and loading of intensity sG from affected bays on the other side. As is shown subsequently, the proposed bay pushdown approach, coupled with an energy-based analysis, provides good agreement with direct dynamic analyses of sudden column loss.
Energy-Based Analysis of Sudden Column Loss
Given a load-displacement relationship obtained from static pushdown analysis of a structure with a missing column, energy-based analysis can be used to account for the dynamic effects associated with sudden column loss (Powell 2003; Izzuddin et al. 2008; Xu and Ellingwood 2012; Main 2014 ). The analysis is based on the fact that the kinetic energy is zero at the peak dynamic displacement following the sudden loss of a column, assuming a single predominant mode of deformation and assuming that the gravity loads are not sufficient to cause collapse.
Conservation of energy at the peak displacement then requires the internal energy in the structure to equal the external work done by gravity loads. The solid curve in Fig. 14 illustrates the results of a static pushdown analysis, representing the relationship between the normalized load intensity and the vertical displacement at the removed column, denoted by s(). Let d() (illustrated by the dashed curve in Fig. 14) denote the corresponding relationship between the normalized load intensity and the peak dynamic displacement under sudden column loss. At a peak dynamic displacement of , the balance between the work done by the external gravity loads (proportional to the hatched area in Fig. 14) and the internal energy in the structure (proportional to the shaded area in Fig. 14) can be expressed as follows:
where  is a dummy variable in the integral representing the vertical displacement at the removed column. Rearranging Eq. (2) yields the following expression for d().
Eq. (3) allows the dynamic effects associated with sudden column loss to be evaluated directly from the results of a nonlinear static pushdown analysis. Eq. (3) was used to obtain the dashed 18 curve in Fig. 13 , which shows the relationship between the normalized load intensity and the peak dynamic displacement after sudden column loss for the single-floor IMF system.
The dynamic increase factor at a given column displacement can be defined as the ratio between the normalized load intensities under static loading and under sudden column loss: shaded area is triangular and encompasses exactly half of the bounding rectangle, so that  = 2.
As the structure loses stiffness and the load-displacement relationship develops downward concavity, as illustrated in Fig. 14 , the shaded area encompasses more than half of the bounding rectangle, so that values of  < 2 are obtained. For an idealized elastic, perfectly plastic system, the shaded area would converge to fill the bounding rectangle as the displacement becomes large relative to the yield displacement, so that  would decrease to approach unity with increasing plastic deformation. Since the proposed procedure evaluates structural robustness from the normalized ultimate capacities under sudden column loss, rather than under static loading, the dynamic increase factor, which results from the shape of the load-displacement relationship, has a significant influence on the robustness of a structure.
The approximate energy-based analysis is based on the assumption that the structure responds in a single predominant deformation mode that is the same under both static loading and sudden column loss. To verify the accuracy of the energy-based analysis, results from this 19 procedure were compared with results from direct dynamic analysis of the single-floor IMF system under sudden loss of column C2. In the direct dynamic analyses, gravity loading was gradually applied to the floor system over a period of 3 s using a smooth ramp function and was held constant for an additional 0.5 s to avoid introduction of spurious dynamic effects. After the gravity initialization (i.e., at t = 3.5 s) column C2 was removed instantaneously, and the peak dynamic displacement was obtained from the analysis. By repeating this analysis procedure for increasing levels of gravity loading, using an incremental dynamic analysis approach, discrete points representing various normalized load intensities and the corresponding peak displacements could be obtained, which are plotted with open circles in Fig. 13 . Gravity loading was varied only on the bays directly affected by loss of column C2 (see Fig. 11 ), and the servicelevel gravity loading G was applied to the unaffected bays. Different values of gravity load intensity were achieved in the reduced-order model by adding distributed mass to the floor system, and gravity loading was applied by imposing body forces due to gravitational acceleration. This approach properly accounted for both the gravity loading and inertial effects on the structure. Fig. 13 shows excellent agreement between the results of the energy-based analysis and the direct dynamic analysis of sudden column loss, providing verification of the energy-based approach. The energy-based analysis procedure offers a significant advantage in terms of efficiency, because it requires only a single static pushdown analysis, whereas the direct dynamic analysis approach requires multiple dynamic analyses to be performed at different load intensities.
Ultimate Capacity under Sudden Column Loss
Letting s,u = s(u) denote the ultimate value of the normalized load intensity obtained from a static pushdown analysis (see Fig. 13 ), the corresponding displacement Δu is proposed as the 20 limiting deflection at which the ultimate capacity under sudden column loss is evaluated. Fig. 13 shows that d() continues to increase for displacements exceeding Δu as a result of residual, post-ultimate resistance of the structural system. Provided that s() > d() > 1, the energybased analysis predicts that collapse will not occur. However, the assumption in the energybased analysis of a single, unchanging deformation mode is generally not appropriate for displacements exceeding Δu, because the drop in resistance at this point is generally associated with the formation of a collapse mechanism. In addition, uncertainties in model predictions increase significantly in the post-ultimate descending portion of the static pushdown curve, which corresponds to the onset of a dynamic collapse process, in which unbalanced loads from the force-controlled loading procedure cause the structure to accelerate downward. For these reasons, it is prudent to conservatively evaluate the normalized ultimate capacity under sudden column loss at the displacement Δu, as follows (see Fig. 13 ).
Using this energy-based approach, a normalized ultimate capacity of d,u = 2.66 was obtained for the single-floor IMF system under sudden loss of column C2 (plotted with a solid circle in Fig.   13 ), which is 3.3 % less than the normalized ultimate capacity of 2.75 obtained from direct dynamic analysis (the rightmost open circle in Fig. 13 ). In this example, as in the other examples considered subsequently, the proposed ultimate capacity estimate using energy-based analysis is found to be slightly conservative.
Using the procedures outlined above, the normalized ultimate capacity under sudden column 
Robustness Evaluation of Prototype Buildings
The two 10-story prototype buildings (Fig. 10) to failure. For the 10-story building, the normalized ultimate capacity under sudden column loss was d,u = 1.13, with a corresponding displacement of Δu = 75 mm at the ultimate static load, whereas values of d,u = 2.66 and Δu = 1420 mm were obtained for the single-floor system. The reason for the lower capacity of the 10-story building is that the governing failure mode was compressive failure of a column, due to accumulation of gravity loads over the height of the building, rather than failure of the floor system itself. For both the IMF and the SMF buildings subjected to removal of column C2, the ultimate static capacity under pushdown loading was 22 associated with compressive failure of column A2, which was adjacent to the removed column on the exterior of the building, with failure occurring in the first story for the IMF building (see Fig. 16 ) and in the second story for the SMF building.
Contours of vertical displacement obtained from pushdown analysis of the IMF building are presented in Fig. 16 . Fig. 16(a) shows displacement contours just prior to failure of column A2, corresponding to the ultimate capacity under static loading at u = 75 mm, while Fig. 16(b) shows displacement contours after the failure of column A2, for  = 220 mm. Comparison of were less than these values by 12 % and by 2 % respectively, confirming that for these examples, the proposed approach, using Eq. (5), is slightly conservative.
23 Table 5 lists analysis results for each of the seven column removal scenarios considered, for both the IMF building and the SMF building. Normalized ultimate capacities are presented for both static pushdown loading (s,u) and sudden column loss (d,u), as well as the ratio between these two capacities, which gives the dynamic increase factor at the displacement u: (u) = s,u ∕ d,u. The dynamic increase factor , obtained from Eq. (4), is also plotted with the analysis results in Fig. 15 , as a function of the displacement  at the removed column C2. As discussed previously in relation to Eq. (4), = 2 in the initial elastic response, and  decreases as the stiffness of the system degrades. Values of (u) ranged from 1.18 to 1.61 for the IMF building and from 1.17 to 1.49 for the SMF building. These results indicate that there is significant variability in the dynamic increase factor even for the same building, depending on the type of structural response and the governing failure mode. The largest value of (u) for both buildings corresponded to removal of column C2, for which column failure occurred. Removal of column C2 also resulted in the minimum value of the normalized ultimate capacity under sudden column loss, d,u, for both buildings. According to Eq. (6), the robustness index for the building is taken as the minimum value of d,u over all column removal scenarios, and robustness indices of R = 1.13 and R = 1.82 are thus obtained for the IMF and SMF buildings, respectively. For both of the buildings, R > 1, which indicates that collapse would not occur under sudden column loss for any of the column removal scenarios. The larger value of the robustness index for the SMF building indicates that the more stringent seismic design and detailing of the SMF building resulted in improved robustness against column loss relative to the IMF building.
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Conclusions
A methodology for evaluating structural robustness was proposed that involves (1) identifying a set of column removal scenarios for consideration (or initial damage scenarios, more generally),
(2) performing a nonlinear static pushdown analysis for each scenario, (3) using an energy-based analysis procedure to determine the approximate ultimate capacity under sudden column loss for each scenario, (4) normalizing the ultimate capacities by the applicable gravity loading, G = 1.2D + 0.5L, and (5) defining the minimum value of the normalized ultimate capacity under sudden column loss as the robustness index R for the structure. Application of the proposed methodology was demonstrated using reduced-order models of RC frame buildings that included the floor slabs, and comparisons with high-fidelity finite-element analysis results were presented to provide verification of the reduced-order modeling approach. Based on the analysis results presented in this study, the following main conclusions were reached:
 High-fidelity finite element analysis of a 2-bay by 2-bay floor system with and without the floor slab showed that the influence of the slab more than doubled the load intensity that could be sustained under pushdown loading with an unsupported center column.
 Shear deformations of the joints were found not to contribute significantly to the response of RC frame structures under column loss. Based on this observation, joints were modeled as rigid in the proposed reduced-order approach, while still accounting for nonlinearities at the beam-to-column interface. This approach greatly simplified the model development process and significantly reduced the computation time required for analysis.
 The energy-based procedure for analysis of sudden column loss was found to give good agreement with results from direct dynamic analysis, both for a single-floor system and for the 10-story prototype buildings. A "bay pushdown" approach was found to be preferable to 25 a "uniform pushdown" approach to properly capture dynamic amplification in the affected bays without the potential to produce irrelevant column failures through artificial amplification of gravity loads on unaffected bays.
 Dynamic increase factors corresponding to the ultimate capacities varied significantly, even for the same building, with values ranging from 1.18 to 1.61 for the IMF building and from 1.17 to 1.49 for the SMF building. Clearly the use of a constant dynamic increase factor for a particular type of structure would be inappropriate. The energy-based procedure provides a straightforward means of accounting for this variability, as influenced by the type of structural response and the governing failure mode, using static pushdown analysis results.
 The energy-based procedure was based on the assumption of an unchanging deformation mode, and the procedure was found to give non-conservative results in the post-ultimate response, when failures caused the collapse mode to change. Therefore, it was proposed to evaluate the ultimate capacity under sudden column loss at the displacement corresponding to the ultimate static load.
 The capacity of the 10-story IMF building under sudden column loss was found to be less than half of the capacity of a single-floor system extracted from the same building, because the governing failure mode was column failure rather than failure of the floor system. It is important to recognize that accumulation of gravity loads over the height of a multi-story building could result in column failures that would not occur in a single-floor system.
 Robustness indices of R = 1.13 and R = 1.82 were obtained for the prototype IMF and SMF buildings. For both buildings, R > 1, indicating that collapse would not occur under any of the sudden column removal scenarios. The larger value of the robustness index for the SMF 26 building also showed that the more stringent seismic design and detailing of the SMF building resulted in improved robustness against column loss relative to the IMF building. 
